Critical point symmetries [1, 2] , describing nuclei at points of shape phase transitions between different limiting symmetries, have recently attracted considerable attention, since they lead to parameter independent (up to overall scale factors) predictions which are found to be in good agreement with experiment [3, 4, 5, 6, 7] . The E(5) critical point symmetry the potential is supposed to be of the form u(β) + u(γ). Then approximate separation of variables is achieved in the special case of γ ≃ 0, the β-equation with an infinite square well potential leading to Bessel eigenfunctions, while the γ-equation with a harmonic oscillator potential having a minimum at γ = 0 leads to a two-dimensional harmonic oscillator with Laguerre eigenfunctions [2] . In both cases the full five variables of the Bohr Hamiltonian [8] (the collective variables β and γ, as well as the three Euler angles) are involved. The algebraic structure of E(5) is clear, since the Hamiltonian is the second order Casimir operator of E(5), which corresponds to the square of the momentum operator in five dimensions (see [11, 12] and references therein), while an SO(5) subalgebra (generated by the angular momentum operators in five dimensions) exists. The algebraic structure of X(5) (if any, since X(5) is an approximate and not an exact solution) has not been identified yet.
limiting symmetries, have recently attracted considerable attention, since they lead to parameter independent (up to overall scale factors) predictions which are found to be in good agreement with experiment [3, 4, 5, 6, 7] . The E(5) critical point symmetry [1] is supposed to correspond to the transition from vibrational [U (5) ] to γ-unstable [O (6) ] nuclei, while the X(5) critical point symmetry [2] is assumed to describe the transition from vibrational [U (5) ] to prolate axially symmetric [SU(3)] nuclei. Both symmetries are obtained as special solutions of the Bohr Hamiltonian [8] . In the E(5) case [1] the potential is supposed to depend only on the collective variable β and not on γ. Then exact separation of variables is achieved and the equation containing β can be solved exactly [1, 9] for an infinite square well potential in β, the eigenfunctions being Bessel functions of the first kind, while the equation containing the angles has been solved a long time ago by Bès [10] . In the X(5) case [2] the potential is supposed to be of the form u(β) + u(γ). Then approximate separation of variables is achieved in the special case of γ ≃ 0, the β-equation with an infinite square well potential leading to Bessel eigenfunctions, while the γ-equation with a harmonic oscillator potential having a minimum at γ = 0 leads to a two-dimensional harmonic oscillator with Laguerre eigenfunctions [2] . In both cases the full five variables of the Bohr Hamiltonian [8] (the collective variables β and γ, as well as the three Euler angles) are involved. The algebraic structure of E(5) is clear, since the Hamiltonian is the second order Casimir operator of E(5), which corresponds to the square of the momentum operator in five dimensions (see [11, 12] and references therein), while an SO(5) subalgebra (generated by the angular momentum operators in five dimensions) exists. The algebraic structure of X(5) (if any, since X(5) is an approximate and not an exact solution) has not been identified yet.
It is of interest to identify additional special cases leading to analytical solutions of the Bohr Hamiltonian, and to examine their relation to critical behaviour of nuclei.
It has been known for a long time that the Bohr equation gets simplified in the special case of γ = 30 o [13, 14] , since two of the principal moments of inertia become equal in this case, guaranteeeing the existence of a good quantum number (the projection α of angular momentum on the body-fixed x axis), although the nucleus possesses a triaxial shape. In other words, the Hamiltonian possesses a symmetry, while the shape of the nucleus does not. By allowing the potential to be of the form u(β) + u(γ), and by permitting γ to vary only around γ ≃ 30 o , approximate separation of variables is achieved [15] , similar in spirit to the X(5) solution. The β-equation with an infinite square well potential leads then to Bessel eigenfunctions, while the γ-equation with a harmonic oscillator potential having a minimum at γ = 30 o takes the form of a simple harmonic oscillator equation. The full five variables of the Bohr Hamiltonian are involved in this case, while the algebraic structure (if any, since the solution is approximate) is yet unknown. This solution has been called Z(5) [15] . The relevant level scheme is shown in Fig. 1(a) .
Separation of variables becomes exact by "freezing" the γ variable to the special value of γ = 30 o , in the spirit of the Davydov and Chaban [16] approach. Then the β-equation with an infinite square well potential leads to Bessel eigenfunctions [12] , while the equation involving the Euler angles and the parameter γ (which is not a variable any more) leads to the solution obtained by Meyer-ter-Vehn [14] . The projection α of angular momentum on the body-fixed x axis is a good quantum number also in this case. Only four variables (β and the three Euler angles) are involved, while the full algebraic structure is yet unknown. It has been remarked [12] , however, that the ground state band of this model coincides with the ground state band of E(4), the euclidean algebra in four dimensions. This solution has been labelled as Z(4) [12] . The relevant level scheme is shown in Fig. 1(b) , while in Fig. 2 (a) the great similarity of the ground state band and the β 1 -band of the Z(4) model to the corresponding bands of E (5) is demonstrated. The main difference between the two models occurs in the Fig. 4 . The question arises then of what happens in the case one "freezes" the γ variable to the value γ = 0, which corresponds to axially symmetric prolate shapes, for which the projection K of angular momentum on the body-fixed z-axis is a good quantum number. It turns out [23] that only three degrees of freedom are relevant in this case, since the nucleus is axially symmetric, so that two angles suffice for describing its direction in space, while the variable β describes its shape. Separation of variables becomes exact [23] , the β equation with an infinite square well potential leading to Bessel eigenfunctions, while the equation involving the angles leads to the simple spherical harmonics. The algebraic structure of this model is yet unknown. This solution has been called X(3) [23] . The level scheme is shown in Fig. 5 [29] , which are known to be very good examples of the X(5) critical point symmetry [6, 30, 31, 32, 33] . A curious coincidence of the β 1 -bands of these nuclei with the X(3) predictions occurs. Table 1 : Interband B(E2; L i → L f ) transition rates for the X(3) model [23] , normalized to the one between the two lowest states, B(E2; 2 It should be remarked that in all of the above mentioned cases the Bessel eigenfunctions obtained are of the form J ν (kβ), with ν being of the form
where n is the number of dimensions entering in the problem, while Λ = L(L + 1)/3 in the cases of X(3) [23] and X(5) [2] , Λ = [L(L + 4) + 3n w (2L − n w )]/4 in the cases of Z(4) [12] and Z(5) [15] , with n w = L − α being the wobbling quantum number [34] , and Λ = τ (τ + 3) in the case of E (5), with τ being the seniority quantum number characterizing the irreducible representations of the SO(5) subalgebra of E(5) [1] . In the corresponding ground state bands one has n w = 0 and τ = L/2. One should also notice that in all of the above cases the spectrum is determined by the boundary condition that the eigenfunctions have to vanish at the boundaries of the infinite square well potential. As a result, in addition to the other relevant quantum numbers, the energy levels are characterized by s, the order of the corresponding root of the relevant Bessel function.
It should also be mentioned that all the β-equations mentioned above are also soluble [35, 36] if the infinite square well potential is substituted by a Davidson potential [37] of the form u(β) = β 2 + β 4 0 /β 2 , where β 0 is the minimum of the potential, the eigenfunctions being Laguerre polynomials instead of Bessel functions in this case. A variational procedure has been developed [38, 39] , in which the first derivative of various collective quantities is maximized with respect to the parameter β 0 , leading to the E(5), X(5), Z(5), and Z(4) results in the corresponding cases, an example being shown in Fig. 7(a) . The solutions corresponding to the Davidson potentials lead to monoparametric curves connecting various collective quantities, an example being shown in Fig. 7(b) , where agreement with experimental data is very good.
Concerning future work, the clarification of the algebraic structure of the exactly soluble models X(3) and Z(4), as a prelude for the understanding of the algebraic structure of the approximate solutions X(5) and Z (5), is a challenging problem. The construction of analytical models including the octupole degree of freedom [42] and/or the dipole degree of freedom is also receiving attention.
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